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MODEL-COMPLETENESS AND DECIDABILITY OF THE ADDITIVE
STRUCTURE OF INTEGERS EXPANDED WITH A FUNCTION FOR A
BEATTY SEQUENCE

MOHSEN KHANI, ALI N. VALIZADEH, AND AFSHIN ZAREI

ABSTRACT. We introduce a complete axiomatization for the structure Z, = (Z,+,0,1, f)
where f : z — |az] is a unary function with « a fixed transcendental number. This result
fits into the more general theme of adding traces of multiplication to integers without losing
decidability. When « is either a quadratic number or an irrational number less than one, similar
decidability results have been already obtained by applying heavy techniques from the theory
of autamota. Nevertheless, our approach is based on a clear axiomatization and involves only
elementary techniques from model theory.

1. INTRODUCTION

The subject of this study is the structure Z, = (%Z,+,0, 1, f) which contains the integer
addition together with a trace of multiplication; namely the function |«x| whose range is the
Beatty sequence with modulo a.

Our results lie in the intersection of two active research programs. On the one hand, it relates
to the recent works on decidability of the expansions of (Z,+) as well as their classification
either as stable structures, as in [C18§| and [CP18]|, or unstable structures as in [KS17|. In this
sense, Z, is an instance of an unstable yet decidable expansion of (Z, +).

On the other hand, Z, is definable in the structure R, = (R, <,+,0,Z, aZ) which lies in
the more general theme of research studying the expansions of real line with specific discrete
additive subgroups. Most relevant to our work is Hieronymi’s theorem in [H16] which shows, for
the special case of a quadratic «, that the theory of the structure R,—and as a result Z,—is
decidable. Decidability is proved there by showing that R, is definable in the monadic second-
order structure (N, P(N), €,z — x + 1) which was already known to be decidable ([B62]).

The results on Z, have been recently generalized in several directions. In particular, it is
shown in [H21] that the common theory of the structures Z, is decidable when « ranges over

irrational numbers less than one. The proof appeared there applies heavy techniques from the
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theory of automata; wherein a main feature is designing a Biichi automaton which can perform
addition over Ostrowski numeration systems.

The current study is indeed along similar lines to a result by the first and the third authors in
IKZ22] in which they applied only simple techniques of model theory to provide an alternative
proof for the decidability of Z, in the case that « is the golden ratio.

In the present paper, by applying elementary tools in model theory and number theory, we
prove that the theory of Z, is decidable when « is a transcendental number. To our knowledge,
in the latter case (transcendental «) nothing is known about the decidability of the more
general structure R, and we believe that our result forms an important step towards solving
that problem as well.

We will discuss the definable sets of Z, later in Subsection 5.2l But, to have a general picture
of the model theory involved in Z,, note in particular that Z, is a model of the theory of Z-
groups, or Presburger arithmetic without an order, and hence it defines all congruence classes
or arithmetic progressions. The latter sets are a typical example of definable sets in Z, with a
somewhat “structured” nature.

On the other hand, there are definable sets in Z, with a “random” behaviour, and these
sets are typically the subsets of Z, defined using the powers of the function f. An aspect of
this randomness is reflected in the fact that these sets do not contain an infinite arithmetic
progression (see Subsection [5.2] for more details). However, this random behaviour is actually a
consequence of definability of a liner order which turns out to be dense by means of Kronecker’s
approximation lemma (Fact [B.]).

When applied to the simple case of an irrational number «, Kronecker’s lemma says that the
set of decimal parts of the sequence {an : n € w} is dense in the unit interval (0, 1).

However, as it will be expanded later, we need the full strength of Kronecker’s lemma to
tackle the case of a transcendental number. In fact, when « is transcendental all different
powers of f, and hence all different powers of «, take an independent part in creating the
random behaviour. This in fact contrasts the case of a quadratic o where this randomness is
actually weaker, mainly because all terms of the language reduce to a linear form; for example,
f2(z) is equal to f(x) + 2 — 1 when « is the golden ratio (see [KZ22]).

The following motivating propositions—-that won’t directly be used in the paper-reflect the
basic idea on which most of our arguments rely. To solve a given system of equations in Z, we
turn, whenever possible, equations into inequalities in terms of the decimal parts. The solution
to the system will then be obtained by an application of k-dimensional Kronecker’s lemma, Fact
B.1], asserting the density of the set {([81n], ..., [Bxn]) fnen in (0, 1)F for a Q-linear independent
set of real numbers (3, ..., By. Recall that the decimal part of a real number « is denoted by
[a] , namely [a] == a — |«].



ADDITIVE INTEGERS WITH A FUNCTION FOR A BEATTY SEQUENCE 3

Proposition 1.1. Suppose that « is an irrational number and let a and b be integers. Then,
(1) a is in the range of f if and only if [£] is greater than 1—L. Moreover, a = f(b) implies
that a = ng + 1. If a 1s positive and less than 1, then f is a surjection.
(2) fla+0b) = f(a) + f(b) + £ for some ¢ € {0,1}, where { is equal to 0 if and only if
[aa] + [ab] < 1.

Proof. Part (2) is obvious, for part (1) use the fact that a = f(b) implies ab—1 < a < ab. O

Notice that the language £ that we will be working in won’t contain the congruence relations

g, yet the following proposition in given only for its motivating aspect.

Proposition 1.2. The following system of equations has infinitely many solutions in 7,

{f(x) = j.

Proof. 1t is easy to verify that f(r) = j if and only if [22] € (%, It1). Hence, to solve the

n

system above, it suffices to find y such that
(my + i) E(ij—l—l
n n n

).

If 22 > [Lq], by Fact Bl we choose y such that

j {z } mao j+1 {z }
T Y 7 B SR T
n |n n n n

In the case that % < [£a], again by Fact B.1] we choose y such that

[@y] >1— [la] , and
n n

. o
1+1_Fay<pﬂ4<1+iiﬂ_F4.
n n n n n

O

We will gradually present a theory 7, for Z,, where we introduce each axiom scheme after
proving the desired property for Z,. So each of the sections below will contain axioms that
ensure a partial model-completeness for the final theory 7,. We finish by our Main Theorem
showing that 7, is model-complete and this suffices for Z, to be decidable. We find it helpful
to give a summary of our arguments leading to the proof of model-completeness as follows.

Step 1. We treat certain relations among the decimal parts as first-order £-formulas (Section

2).
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Step 2.

Step 3.

Step 4.

Step 5.

M. KHANI, A. N. VALIZADEH, AND A. ZAREI

We divide systems of equations in £ into two main categories of non-algebraic (Section
B) and algebraic formulas (Section ).

We use an extended version of Kronecker lemma (Theorem B3] to show that solvabil-
ity of a system of non-algebraic formulas is equivalent to a quantifier-free L-formula
(Theorem [3.9]).

For two models M; C M, we show that the solution, in My, of an algebraic system
involving only a single variable and with parameters in M, belongs also to M; (Lemma
[43). This implicitly shows that a substructure of a model of 7, is closed under taking
inverse of different powers of f.

We use a technical trick (Lemma (7)) to show that an algebraic system which contains

more than two variables reduces to a non-algebraic system of smaller number of variables

(Subsections A.2] and [A.3]).

Our last section will contain some additional observations and remarks.

Convention.

(1)
(2)

(3)

(4)

« is a fixed transcendental number.
We will be working in the language £ = {+,—,0, 1, f} and unless we state otherwise
all formulas are assumed to be in £. In particular, all axioms and axiom schemes are
L-formulas.
When there is no mention of a model or a theory, the lemmas and theorems below
concern the structure Z,, and hence the variables and parameters will range over the
set of integers Z.
We occasionally use a finite partial type I'(z) as a conjunction of L-formulas as well;
that is, we freely use notations like 3xI'(x) instead of writing Jx /\ ().

p(z)€l (x)

A note on overlapping results. Short before submitting this paper, we learnt of a similar

independent work by Giinaydin and Ozsahakyan uploaded in arXiv [GO22]. The main difference

between the two papers, is that in [GO22| the authors consider the Beatty sequence as a

predicate in the language, where we put the function f = |ax |, which is not definable in their

structure. For the same reason, we have to deal with decimals that concern the powers of the

function f where they need only to treat decimals of the linear combinations.

2. DESCRIBING DECIMALS IN L

Although our language/theory does not literally contain the decimals themselves, similar

observations to Proposition [[LT] show that our theory is capable enough to describe their key

properties in a nice way. In fact, it suffices for £ to capture the order and the dense distribution
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of these decimals in the spirit of Fact B.1] below. Through the following two lemmas we first

show to what extent the properties of the decimals are expressible in L.

Lemma 2.1. Let a and b be integers, and n € N with n # 0.

(1) There exists a natural numberi € {0,...,n — 1} such that

f(na) =nf(a) +i.
Indeed f(na) = nf(a)+1i if and only if £ < [oa] < 2

P

(2) [aa] + [ab] < 1 if and only if f(a+b) = f(b) + f(b).
(8) |aa)] < [ab] is equivalent to f(b—a) = f(b) — f(a).

Proof. Easy to verify. U

The next lemma and its following corollary allow us to work also with rational multiples in

L and hence to compare decimal parts in a more subtle way.

Lemma 2.2. Let a,b and m be integers, and n € N.

(1) There ezists a quantifier-free formula ¢(x,y), depending on m and n, such that Z, =
©(a,b) if and only if

[ova] < % [ad)].

(2) Suppose that 01,0y € Z, then there exists a quantifier-free formula p(z,y), depending on
m,n, {1 and Uy, such that Z, = p(a,b) if and only if

l < nlaal +mlabl < (.

Proof. For part (1), first suppose that we have 0 < m < n; other cases can be proved similarly
or else they turn into triviality.

Note that there are natural numbers i and j with 0 < ¢ < n and 0 < j < m such that [aa] €
(4,%1) and [ad] € (L,ZH). The latter conditions are L-expressible using part (1) of Lemma
211 Also, observe that non-trivial cases only happen when i < m and j = i; that is, both [«a]
and 2 [ab] belong to the same interval (£, &L
[2.1], we can show that n [aa] is less than < m [ab] if and only if f(mb — na) = mf(b) —nf(a).

For part (2), note that, depending on whether m is negative or positive, non-trivial cases

). In this case, using parts (3) and (1) of Lemma

occur only when we have that —m < {1 < l, < nor 0 < /¥ < ly <n+ m, respectively. Then,
apply an argument similar to the proof of part (1). O

The following corollary is a consequence of part (2) of Lemma [2.2]
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Corollary 2.3. Let {1 and {5 be integers, and suppose that @,b,m and 7 are tuples of integers
of length k. Then, there ezists a quantifier-free L-formula o(Z,7), depending on k, {1, {3, m and
n, such that Z, = ©(a,b) if and only if

k k
(2.1) /< an [aa;] + Zmi lab;] < £s.
i=1 i=1

Notation 2.4. From now on and by injecting suitable variables, we treat all the inequalities
equivalent to those appeared in Lemmas 2. Tland 2.2 and their corollary as first-order £-formulas.
For example, by writing ¢; < n[ax]+m [ay] < f2 we mean the quantifier-free L-formula, ¢(z,y),
obtained in part (2) of Lemma 2.2

Using our observations so far and by applying our flexible notation, we are able to encode

into our language some of the main features of the decimals involved in the structure Z,.

Remark 2.5. Note again that to a decimal like [aa] nothing can be designated in £. In fact, £
is capable of describing these decimals merely in the cases that they participate in an inequality
in the form of (2.I]). However, as we will see, this amount of expressive power suffices for us to

prove our results.

Based on the decimals that appear in our formulas, we consider two major cases in our
argument towards proving model-completeness. In Section [3, we deal with formulas concerning
the decimals of the form [af*(z)]. We call these formulas non-algebraic (see Definition B.4)
whose properties appear in Axioms [Il Pl and [ below.

Section [ explores the properties of the algebraic formulas. Very briefly put, our algebraic
formulas are very similar to the formula f(z) = a which has finitely many solutions in any
model of Th(Z,) containing the parameter a (and indeed a unique solution when o > 1). This
is in contrast with a formula like [ax] € (0,1 — [@a]) which, according to Axiom [2] below, is

satisfied by infinitely many elements x.

3. NON-ALGEBRAIC FORMULAS

As mentioned earlier, some of the essential properties of the function f will be described as
a consequence of Kronecker’s approximation lemma, and our aim is to exploit the full extent
of this fact in our axiomatization. A proof of this theorem can be found in [HWO08, Theorem
442|.

Fact 3.1 (Kronecker’s Approximation Lemma).
Let n € N be fixed and the real numbers (1, ..., 5,,1 be linearly independent over 3. Then
the set {([f1z],...,[B.2]) : # € N} is dense in (0,1)".
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As an immediate consequence of Kronecker’s lemma, it can be easily checked that Z, is a
model of part (2) of the following axiom, and the first part can be verified similar to part (2)

of Lemma 211

Axiom 1.

(1) For all z1, ..., z,, there exists a unique j in {0,...,n — 1} such that

§< Jam] <j+1.
=1

(2) The relation [ax] < [ay] is a dense linear order.

Remark 3.2. An interesting, but not directly relevant, observation is that each nZ is dense in
Z with respect to the order defined by the decimal parts. More generally, given any congruence
class nZ + i and any interval I = ([aal, [ab]) C (0,1) there are infinitely many integers like ¢
in that congruence class whose decimal part [ac] belongs to I. This can be proved using the

ideas appeared in the proof of Proposition [[.2l

For given integers a and b, decimals other than [«a] and [ab] also intervene in investigating
formulas like f"(a +b) = f™(a) + f"(b) + ¢ where the exact value of ¢ is determined by the

values of the decimals below:

[aa] , [ab], [af(@)], [af®)], - [af""Ha)], [af"7H(D)] .
To engage with decimals of the form [of(a)], we aim to expand on the idea of the proof of
Proposition further as follows: Notice that we let f°(z) = x. Since « is transcendental,

n

each finite sequence 1,q,...,a" is Q-linearly independent and this fact provides us, through
the following extended version of Fact 3.1l with a more amount of “control” over the decimals of
the form [af*(z)]. The following theorem concerns the natural numbers and the word “dense”

there has its usual meaning in the reals.

Theorem 3.3 (Extended Kronecker’s Lemma).

For every n € N, the following set of (n + 1)-tuples is dense in (0,1)"*!:

[ (foa). of @), [af (@) [af*(@)]) sa € X},

Proof. Assume that [aa] € (2, 21 for some m,k € N (m > 2). Then

k k41
< alaa) <

am—l am—l

Now if [a?a] > EH | then

k+1
B am—l

[af(a)] = [0*a] — a[ada] € (0,1 ).
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Similarly if [a%a] < £+, then
k
[af(a)] = [¢*a] —afaal +1€ (1 - P 1).

Since (0,1) € (0,1 — a]fj'll) U(l— %, 1) by applying Kronecker’s lemma to o and «o? it is
possible to find a such that [ca] € (a,b) and [af(a)] € (¢,d) for any a,b, c and d.

By induction and similar to the argument above, to control [af"(a)] = [af(f" '(a))] one
needs to control [a™f(a)]. This is also possible, since [a"f(a)] = [@"Tla — o™ [aa]]. Now if

a” [aa] is in an interval (% 1) one can control [a"*1a] so that [ f(a)] belongs to a any

am™? qm

desired interval. O

This extended Kronecker’s lemma is included in our axioms as following.

Axiom scheme 2. For n € N and any tuples of variables y and z with |y| = |Z| = n and
laz;] < [ay;] for each i € {1,...,n}, there exist infinitely many x such that

N o] < [af'(2)] < [oz].
Definition 3.4.

(1) Call a quantifier-free formula 6(z;y) non-algebraic if for some ¢ € Z and tuples of

integers n and m it is equivalent to a formula of the form

no lax] + ny [af ()] + ... 40 [aff(2)] <

(3-1) my [ayo] + ...+ my [Oéyk] + ¢,

where |g| = |n| = |m| =k + 1.
More generally define a non-algebraic formula 6(Z;y) with |z| = k and |g| = kK’ + 1 as

a quantifier-free formula which is equivalent to a formula of the following form

151
(3.2) ani [Oéfi(ifl T+ an af’( Ik Zmz ay;| +
i=0

for some ¢1,...,¢;, € N and ¢,m;,n;; € Z.

(2) Let M be an L-structure, A C M and a € M. The non-algebraic type of a over A is
a partial type consisting of all non-algebraic formulas 6(Z;b), with |Z| = |a| and b € A,
which are satisfied by a in M.

Remark 3.5.

(1) Non-algebraic formulas are closed under negation: Since we allow integers to appear in
(B2), namely the numbers ¢, m; and nj;, the negation of a non-algebraic formula is a

non-algebraic formula as well.
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(2) Note that, to have the £-formula expressing (3.2]) above, we need to generalize Corollary
to obtain formulas with more than two variables; however, this can be done by a
simple induction on the number of variables.

Lemmas 2.1 and together with Corollary 2.3 can be used to have a better understanding
about the non-algebraic type of a tuple over a set of parameters. In particular, a non-algebraic

type m(x;b) over a single parameter b determines, among other things, the value of the numbers
¢; € {0,1} such that

flx+0) = f(z)+ f(b) + 4
@ +b) = f(flx)+ fb) + 1) = f2(x) + F(f(b) + 1) + C
(3.3) Fa4b) = f(f2(x) + F(f(b) 4+ &) + L)

By our notation, the set of equations above can be rewritten as the following set of inequalities
assuming ¢; = 0 (respectively ¢; = 1).

lax] + [ab] < 1 (> 1)
[of ()] + [a(f (D) + £1)] < 1 (>1)
[ f*(@)] + [a(F(f(B) + 1) + £2)] < 1 (>1)

Lemma below provides a quantifier-free condition for a non-algebraic type to have a

solution. To get the idea of its proof via an example, consider the following inequality in R,
220 + 321 < moyo + myiy1 + 95,

where the appearing coefficients are of no specific importance. Observe that the existence of a
solution (zp, z1) € (0,1)? for this inequality is simply equivalent to the requirement that

moYo + M1y > —H.

Lemma 3.6. Suppose that T'(z;7) is a finite set of non-algebraic formulas 0(x;y') each in the
form of (31) and with §' C y and |z| = 1. Then, there exists a quantifier-free formula x(y),
depending on the numbers k,{,n and m appearing in the formulas 8 € I, such that

Zo = Vy (Bal(z;9) < x(©)) -

Proof. In the case that I'(z;¢) only consists of a single formula 6(z; ), let w denote the right
hand-side of the inequality (B.1]). Also, for each i € {0, ..., k} let z; denote [a f*(z)]. Now, fixing



10 M. KHANI, A. N. VALIZADEH, AND A. ZAREI

w, note that the existence of a real-valued solution (zg,- -, 2) € (0,1)k*! for the following

linear inequality
k
=0

reduces to whether the latter hyperplane intersects the regions 0 < z; < 1 for i € {0,...,k}
in R*¥!. As in the example right before the lemma, the existence of such an intersection is

equivalent to an inequality of the form m/w < ¢, or more expanded:
mg o] + ... +my [ay] <

where the value of integers m/,m, and ¢’ depend on the numbers n;,m; and ¢ appearing in
B7). The latter inequality is the desired quantifier-free formula x (7). We only need to check
that the existence of a solution (2o, ..., z;) € (0, 1)k for ([3.4) is equivalent to existence of an

integer x with
k
Zni lafi(z)] <w+¢,
i=0

and this can easily be verified using Theorem [3.3]

In the case that I'(x; ) contains more than one formula, we proceed as above by introducing
the corresponding real variables z; for the decimal part of different powers of f(x), namely the
decimals [« f*(x)]. This time, for each of the formulas 6(z; i') € T’ we need to consider a distinct
real variable wy, like the variable w above, and the formula x(7) must also contain a part for

comparing these wy’ s through a set of linear inequalities. U

Corollary 3.7. Suppose that I'(Z;y) is a finite set of non-algebraic formulas 0(z;y') each in
the form of (33) and with y' C §. Then, there exists a quantifier-free formula x(y), depending

on the numbers £y, ..., 0y, €, m;,nj appearing in the formulas 0 € I', such that the following
holds in Z,:

(3.5) vy (3z1(z:9) < x(9)) -

Proof. Using Lemma and an induction on the length of Z. O

Axiom scheme 3. All instances of formula (B3 above when I'(Z; 7) and x(y) range over all

formulas having the properties described in Corollary [3.71

Notation 3.8.

(1) Let Ty denote the theory of Z-groups (that is Presburger arithmetic without order) in
the language {0,1,+, —}.
(2) Let Tnalg, reads “T-non-algebraic”, be Tj together with Axioms [ to [3l
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Theorem 3.9. Suppose that My C My are models of Thae and let A C My and a € M,. Then,
any finite fragment of the non-algebraic type of a over A is realized in M.

Proof. According to Axiom [B the existence of a solution for each finite fragment of the non-

algebraic type of a over A is equivalent to the satisfaction of a quantifier-free formula x(y) by
a finite tuple b € A. But, x(b) holds in M, if and only if it holds in M.
O

For an interesting connection of 7., to o-minimality, see Subsection [5.3l

4. ADDING ALGEBRAIC FORMULAS

In this section, we focus on the most general form of a finite set of L-formulas by adding

formulas of the form H(z) =y where H(x) is a term in the form of

(4.1) Zm fix),

for some m; € Z; we will refer to these integers as coefficients of H(z).

Definition 4.1. An L-formula p(z1, ..., x,;y) is called algebraic if it is equivalent to a formula

of the following form
Hi(z1)+ ...+ Hy(z,) = v,

where Hy(z1),..., H,(x,) are L-terms each in the form of (4.1]).

4.1. One variable.

For an algebraic formula H(z) = ¢ we add an axiom, among others, expressing the fact that
there is a natural number Ky such that one in each Ky consecutive elements belongs to the
range of H(x). Assuming My = H(a) = ¢ where ¢ belongs to a submodel M, the mentioned
axiom helps find an approximate solution a + j in M for some j less than K.

Lemma 4.2. Let H(x) be a term in the form of (4.1). Then, there exists a minimal natural

number Ky, depending on coefficients appearing in ({.1]), such that the following formulas hold
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m Zy:

(4.2) Vv (\/ H(—z) = —H(x) — j) ,

(4.3) Vaixo (\7 H(xy + x9) = H(xy) + H(x9) +j> ;

j=0

Ky Kpg
(4.4) V2o <\/ H(x H(x)+j — \/ |zy — 21| = j)

7=0 7=0

(4.5) Yydx <\7 H(z)=y+ ])

Proof. Formulas (£.2)), (43]) and (44]) can be proved by a double induction on the length of
H(x) and the greatest power of f which appears in it; the base case for (£2) is obtained by the
fact that f(—x) = —f(z) — 1 for any integer x, and for Formulas (£3)) and (£.4)) one needs to
use part (1) of Lemma 211

Formula (4.5) can be proved using (4.3]) and an induction on y. U

Axiom scheme 4. All instances of Formulas (4.2), (43), (4.4) and (£3) for all H(z) and Ky
as described in Lemma

Lemma 4.3. Let M; C My be models of Tha together with Aziom schemel[]) Suppose that
b,c € My, that T'(x; %) is a finite set of non-algebraic formulas, and that H(x) is a term in the
form of ({{1). If there is an element a € M, that satisfies T'(x;b) and H(x) = ¢, then a belongs
to Ml-

Proof. What actually matters is that a satisfies H(z) = ¢ in My. By (£3) in Axiom scheme [,
there exist an integer 7 < Ky and an element a’ € M; such that we have H(a') = ¢+ j in M.
By (@) in the same axiom, in My we have that |a — a'| = j’ for some j* < Kpy. The axioms
of Ty ensure that a is the j’-th successor/predecessor of @/, and this means that a is already a
member of M;. O

4.2. Two variables.
Lemmas (.4 to simply describe how one can take care of certain combinations of £-terms
by means of some non-algebraic formulas like (3.3). These lemmas are easy to verify but are

given in full detail as they form a part of our axiomatization.

Lemma 4.4. Suppose that H(x) and Ky are as described in Lemma [{.3.  Then, for each
integer j with |j| < Ky there is a finite set of parameter-free non-algebraic formulas Ay (x12s),
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depending on j and the coefficients appearing in H(x), which determines the exact value of j
in Formula ({-3). In other words, the following formula holds in Z,:

(4.6) Va1 <AH(:clx2) o H(zy + ) = H(zy) + H(zs) + j).

Axiom scheme 5. All instances of Formula (4.6]) where H(z), Ay (x129) and j are as appeared
in Lemma .4l

Lemma 4.5. Suppose that Hy(z) and Hy(x) are two terms each in the form of {{.1]). Then,
there exist a term H(z) and a natural number Ky, p,, depending on coefficients appearing in
Hi(x) and Hy(x), such that the following holds in Z,:

Kuy 1y
(4.7) va |\ (B (@) = H@) +j A Hy(Hi(x) = H(z) + )

7,3'=0
Moreover, for any given integers j, j with |j|, |j’| < Ku, u, there exists a finite set of parameter-
free non-algebraic formulas Ay, m,(x), depending on j, j" and the coefficients appearing in Hy(z)
and Hy(z), which determines the exact value of j and j' in ({{.7).

Axiom scheme 6. All instances of Formula (4.7) where H;(z), Hy(z), H(z) and Ky, g, are as
described in Lemma

Axiom scheme 7. Al instances of  the following  formula  where
Hy(z), Hy(x), H(z), K, gy A, 1, (), J and j' are as appeared in Lemma L5

Vo (Am,m,(2) = (Hi(Ha(2)) = H(z) +j A Hy(H (7)) = H(z) + 7)) -

Lemma 4.6. Suppose that H(x) is a term in the form of ({.1), and 0(x;y) is a non-
algebraic formula in the form of (31). Then, there are finitely many non-algebraic formulas
01(z;9),...,0,(x;y), determined by the coefficients appearing in H(z) and 0(x;y), such that
the following holds in Z,:

(4.8) Vi (9(H(m); 7) + \/ bilx; g)) .

i=0
Axiom scheme 8. All instances of Formula (48] where 0(x;9),01(x;7), ..., 0,(z;y) and H(x)
are as appeared in Lemma (4.6

The following lemma forms our main technical step in solving systems involving more than
one variable and consisting of at least one algebraic formula. It shows how a finite set of non-
algebraic formulas constrained with a single algebraic formula can turn into a non-algebraic
system of a smaller number of variables (which was already handled in Section [B)). This is

actually done in the expense of adding an extra parameter, the element a in the following
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lemma, which is obtained in the preimage of a new term H(x) and from the parameters already
available in the system.

For the sake of precision, the proof of the following lemma is detailed and involves a heavy
use of notation. But the following general idea makes pursuing the proof easier: Assume that
a finite set of non-algebraic formulas I'(x1x5;b) is given alongside with an algebraic equation
Hi(z1) + Hy(xy) = ¢. We will first turn the latter into an equation H(z; + z3) = ¢/, and then
to an equation x; + x5 = a. Finally we replace x5 in I' with a — 1, and we will finish with a

totally non-algebraic system with a single variable.

Lemma 4.7 (Technical Trick).
Let M be a model of Taag together with Aziom schemes [J8. Suppose that b,c € M, that

[(x129;b) is a finite set of non-algebraic formulas, and that Hy(x1) and Hy(xs) are two terms

in the form of ({{.1)).

Then, there exist

(1) a term H(x) in the form of ({{-1)),
(ii) an element a € M and an integer J with H(a) = ¢+ J, and
(iii) finitely many finite sets of non-algebraic formulas Ty (z;ab), ..., Ty (x; ab),

such that satisfiability of T'(x124;b) U {Hl(xl) + Hy(z2) = c} in M is equivalent to

(4.9) Jx (\n/ L(x; aE)) :

i=0
Proof. Suppose that aq,as € M are some elements satisfying

(4.10) T(212;5) U {Hl(xl) 4 Hy(ws) = c}.
By (43]) in Axiom [ there are natural numbers J; and Jo, with J; < Kg, and Jy < Kp,,
and elements a7, a) € M such that we have
a; = Hy(a}) — Jo and  ay = Hy(ay) — Jy.
Hence, we have that
(4.11) Hi(Hy(ay) — Jo) + Ho(Hy(ay) — Ji) = c.

Using Axiom [l and by applying Lemma [4.4] there are finite sets of non-algebraic formulas
Al (z1) and A}, (x2) which determine the exact value of the integers j; and j, below

H(Hy(ay) — Jo) = Hi(Hy(ay)) — Hi(J2) + J1,
Hy(Hy(ay) — Ji) = Ha(Hi(ay)) — Ha(Jy) + Ja

Hence, ([EIT)) turns into
(412) Hl(HQ(a/l)) — Hl(JQ) +j1 + HQ(Hl(aé)) — Hg(Jl) +j2 =C.
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Note that A} (21) and A%, (22) are respectively a finite fragment of the non-algebraic type-over
the empty set—of Hy(a}) and Hi(a)) in M.

By applying Lemma and by using Axioms [6] and [7, there are finite sets of non-algebraic
formulas A% . (z1) and Ay, p (22) which determine the exact value of the integers js and jy

in the following formulas

H{(ay) = Ha(Hi(a5)) + ja,
where H(z) denotes the term obtained in Lemma L5 This turns (£.12) into

{H(ao — Hy(Hy(d})) + ja,

(413) H(a’l) + H(aé) =c+ Hl(JQ) - jl +j3 + HQ(Jl) — jg —|—j4.

Again, note that A%, 4 (z1) and Ay, (72) are respectively a finite fragment of the non-
algebraic type-over the empty set—of ) and af, in M.

By applying Lemma[Z4land Axiom[(lonce again, there is a finite set of non-algebraic formulas
A% (x129) which determines the exact value of the integer js in the formula below

H(a} + a3) = H(a}) + H(ay) + Js.
Hence, using ([A.13]), we have that
H(aj +ay) = ¢+ Hi(J2) = ji + Js + Ha( 1) = J2 + ja + Js.

Note that A% (x125) is a finite fragment of the non-algebraic type-over the empty set—of the
binary tuple (a},a)) in M. Let

a = a) + al,

J = H(J2) + Ha(J1) — j1 — Jo + J3 + ja + Js.
Also, let = be a fresh variable. Then, the problem of satisfying (£I0) in M is equivalent to
finding an element which satisfies
F<H2(x) — Jo, Hi(a — ) — Jy; B)u
A}fl (Hg(.l’)) U A%b (Hl(a - I))U
A?ﬁ,Hg(x) U A%{LHQ(@ —z)U

Ao (2,0 — ).

(4.14)

Since if d € M is a solution for (£14]), we can let the following elements serve as a solution for

(E10):

ay = Hg(d) — Jg,
[ Hl(a — d) — Jl.
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By Lemma and Axiom [8 there exist finite sets of non-algebraic formulas
['y(z;ab), ..., T, (z;ab) such that the conjunction of the formulas in (E14) is equivalent to

n

\/Fi(x; ab).

1=0

O

Lemma 4.8. Suppose that My C My are models of Thae together with Aziom schemes [{H8.
Then, by the same assumption as in Lemma [{.7] with M replaced by M, the following set of
formulas is satisfiable in My if and only if it is satisfiable in My:

(4.15) (2129 0) U {Hl(xl) + Hy(s) = c}.

Proof. By applying Lemma [L.7] for M, there are a € My, a term H(x) € L, an integer J with
H(a) = ¢+ J, and finitely many sets of non-algebraic formulas I'y(x;ab), ..., T, (z;ab) such
that satisfiability of the set of formulas (£.I5]) in My is equivalent to a disjunction in the form
of (£9). Assuming (A.I5)) is satisfiable in My, at least one of the mentioned sets, say I';(x; ab),
is satisfiable in M.
Since ¢ + J is an element of M, we can use Lemma [£.3] to conclude that a is a member of
M as well. Hence, by Theorem [3.9] the set of formulas (A1I5]) is also satisfiable in M.
O

Remark 4.9. The content of Lemma [4.7 can be expressed by the first-order £-formula below.
K

Vyz3w \/ <H(w) =z+J A <E|x1x21p(x1x2; yz) <> Jx \/Fi(x; gjw))),
J=—K i=0

where K € N is determined by I'(x129;9), Hi(z1) and Ho(z2); and ¥ (x;x9; §2) is the conjunction

of formulas in (EI0) with b and c replaced by % and z respectively.

4.3. More than two variables.

The techniques and results of previous sections enable us to handle the case of more than
two variables by carefully applying some suitable inductive proofs. For the sake of precision,
the following lemmas are presented without leaving any detail unstated. However, the proofs
are sketched as briefly as possible.

Using a simple induction we can prove the following generalization of Lemma

Notation 4.10. Let Hi(x),...,H,(x) be some terms each in the form of (4I]). For each

i € {1,...,n} the term H;(x) denotes the successive composition of all the terms in the set
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{H;(z) : j #1}. For example, H;(z) denotes
Hy(Hs(Ha(- - (Hn(2)) - -))).

Lemma 4.11. Suppose that H\(x), ..., H,(x) are terms each in the form of ({.1]). Then, there
exist a term H(x) and a natural number K = Ky, g, , depending on coefficients appearing in

Hy(x),..., H,(z), such that the following holds in Z,:

(4.16) va |\ (0T ) = B + i) )

jeK i=1
where j = (j1,...,jn) and K = {0,..., K}". Moreover, for any given integers ji, ..., Jn with
l71l, -+, [gn] < K there exists a finite set of parameter-free non-algebraic formulas A(x) =
Ap,...m,(x), depending on ji,...,J, and the coefficients appearing in Hq(x),..., H,(x), such
that 2, satisfies

(4.17) Yz (A(x) = /\ (H,.(H;(g;)) — H(z)+ ])> .

Axiom scheme 9. All instances of Formula ([AI6) where Hi(z),..., H,(z), H(x) and K are
as described in Lemma [£.111

Axiom scheme 10. Al instances of Formula @10 where
Hi(x),...,H,(z),H(x), K, A(z), j1, .. ., jn are as appeared in Lemma [LTT]

Lemma 4.12. Let n € N and M be a model of Tnag together with Aziom schemes[H8. Suppose
that b,c € M, that T'(Z;b) with |Z| = n is a finite set of non-algebraic formulas, and that
Hi(xy),...,H,(z,) are some terms in the form of {{.1). Then, there exist
(1) a term H(x) in the form of ({{-1)),
(ii) an element a € M and an integer J with H(a) = ¢+ J, and
(i) finitely many finite sets of non-algebraic formulas
Dy(xy - -2p_1;ab), ..., Doy - - 2,15 ab),

such that satisfiability of I'(Z;b) U {Hl (1) + -+ Hy(z) = c} in M is equivalent to

(418) E'Slfl -1 (\/ Fz(xl X1, CLB)) .
=0

Proof. The proof of this lemma is a generalization of the proof of Lemma .7 But we provide
all the details to better clarify the argument.
Suppose that aq,...,a, € M satisfy

(4.19) F(x1-~-xn;l_))U{Hl(x1)+~-~+Hn(xn) :c}.
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By (43) in Axiom H there are natural numbers Jy, ..., Jy, with J; < Kp- for each i, and

Y n?

elements a,...,a,, € M such that for each i € {1,...,n} we have
a; = H{ (a;) — J;.
Hence, we have that
(4.20) Hi(H{(a})) = J))+ -+ H,(H:(a) — J) = c.
Using Axiom [B] and by applying Lemma (4] for each i € {1,...,n} there is a finite set of

non-algebraic formulas A%, (x;) which determines the exact value of the integer j; below

1

Hi(H (a5) = J7) = Hi(H] (0)) — Hi(J7) + ji.

Hence, (£20)) turns into
(421) S (HH (@) = H() + ) =
i=1
Note that each AZH (x;) is a finite fragment of the non-algebraic type-over the empty set—of
H}(a;) in M.
By applying Lemma .11l and by using Axioms [ and [0}, for each ¢ € {1,...,n} there is a

-----

j¥ in the following formula

H(a;) = H;(H] (a;)) + j,

(3

where H (z) denotes the term obtained in Lemma LTIl This turns (£.21)) into

(4.22) S H(@) =+ (H7) — i+ i)

empty set—of a; in M.
By applying Lemma . 4land Axiom [5lonce again, there is a finite set of non-algebraic formulas
Apg(zy - - - x,) which determines the exact value of the integer j in the formula below

H(d,+...+ad) = ZH(CL;) + 7.
i=1
Hence, using ([£.22), we have that

H(dy+...+al) :C+Z (Hi(Ji*)_ji+j:> +J.
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Note that Ay (zq---x,) is a finite fragment of the non-algebraic type—over the empty set—of
the tuple a} - - -al, in M. Let

/ /
a:=a;+...+a,,
n

Ji= Y0 (HU) = i+ 57) + 3

i=1
Let xq,...,2,-1 be some fresh variables and for each i € {1,...,n — 1} let 7 denote the term
HY(x;). Then, the problem of satisfying (4I9) in M is equivalent to finding (n — 1)-many
elements which satisfy

F(ZL’T—JT’ "'7x:;—1_ ;—17Hn(a_ xz) _J;7 B)U
i=1
n—1 n—1
UN HUaw, (Hia-Y =) U
(4.23) =
LJA ----- Hy xi UA?Il ----- Hn(a_ xl)U
=1
n—1
AH<.§L’1,. ey 1,0 — ZIZ)
i=1
For if dy,...,d,—1 € M is a solution for (£.23]), we can let the following elements serve as a
solution for (£.19):
(CL1 = Hik(d1>_']ik7
Ap—1 = H* (dn 1) n 15

n—1
an = Hya— Y d) -
i=1

Lemma can be easily generalized to non-algebraic formulas of more than one variables.

\

Hence, similar to the proof of Lemma [4.7] we can find the sets of non-algebraic formulas
desired by the lemma.
O

Lemma 4.13. With the same assumptions as in Lemma [{.19 with M replaced by M;, the
following set of formulas is satisfiable in Mo if and only if it is satisfiable in My :

(4.24) [(z1, ..., 20;5) U {Hl(xl) Yo Hy(x) = c}.

Proof. Similar to the proof of Lemma (4.8 O
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Notation 4.14. Let 7, denote the theory consisting of 7.1, together with the axiom schemes
4 to 8l

Main Theorem 4.15. 7, is a complete, model-complete and decidable theory which aziomatizes
the theory of Z,. Moreover, T, has the strict order property.

Proof. Model-completeness results from Lemma [4.13] Also, it is easy to verify that the axioms
of 7T, are recursively enumerable. Hence, 7, is a complete decidable theory. The strict order
property results from the fact that the dense linear order [ax] < [ay] is definable in 7, . O

Remark 4.16. Simpler forms of the techniques used in this paper are applied, among others,
in [KZ22| to eliminate quantifiers for 7, when « is the golden ratio. In this case, the spe-
cific formula that expresses being in the range of f, namely Jyf(y) = x, is equivalent to the
quantifier-free formula x = f(f(x) — x + 1). This is mainly due to the fact that for any integer
r we have f%(z) = f(x) +x — 1, which in turn holds because of the algebraic dependence
a? = a + 1. There does not seem to exist an easy way to eliminate quantifiers even for such a

simple formula in the case of a transcendental «.

Remark 4.17. Our proofs in this paper can be checked to show an as-well effective model-
completeness for the theory of Z,. In fact, based on the proofs appeared in Section [3], one
can use the effective quantifier elimination available in the ordered field of reals to effectively
obtain an equivalent quantifier-free formula for any formula of the form 3z60(z; y) where 0(z; y)
is non-algebraic. Using formulas (4.3)) and (£.4) in Axiom Ml one can effectively find a universal
formula equivalent to 3z H (z) = y for H(z) a term in the form of (@.1]). For an example, when
a equals Euler’s number e the formula Jz(f(z) = y) is equivalent to

Vo (y =17 f() Ay+1# f()).

For systems involving more than one existential variables and containing an algebraic formula,

one can apply the proof of Lemma [4.7] to effectively reduce the number of existential variables.

5. CONCLUDING REMARKS

5.1. The case of an algebraic a. The techniques used in this paper can be applied to obtain
the same result for an algebraic «. In fact, when « satisfies an equation of a minimal degree
like

(5.1) Q" + kp1a" 4 kg =0,
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with integer coefficients, we can use (B.I) to calculate the value of a decimal [orf™(x)], with

m > n, in terms of the decimals

laf(@)],..., [af"z)].
At the same time, each term H(x) of the form (ZIl) can be assumed to contain powers of f

strictly less than n. Having made the mentioned adjustments, the rest of the argument can

easily be carried out.

5.2. On definable sets. Based on the terminology used in [T08] Section 3.1, there appear
three fundamental types of sets in various areas of mathematics: The “structured” sets, the
“random” sets, and sets of a “hybrid” nature. Below, we make a concise clarification on this
phenomena concerning the definable sets in Z,.

If a power of f does not appear in an existential formula ¢(x) with a single free variable x,
then the quantifier elimination available in Presburger arithmetic shows that ¢(x) is actually
describing a congruence class to which = belongs. So in this case, ¢(z) defines an infinite
arithmetic progression which is a typical example of a “structured” set by having a completely
predictable behaviour.

On the contrary, Connell proved in [C60, Theorem 2| that no Beatty sequence with an
irrational modulo can contain an infinite arithmetic progression. That is the set of solutions of
a formula like Jy(z = f"(y)), that forms a typical example of an existential formula containing
a power of f, cannot contain an infinite arithmetic progression. It is not clear to us if the same
fact holds for formulas of the form Jy(z = f(y) + f*(y)) that contain an addition of terms; the
latter question might be of interest from the perspective of additive combinatorics.

However in proposition below, and using Theorem B.Il we prove that in the range of any
term of one variable we can find finite arithmetic progressions of arbitrary large length. This
slightly generalizes a similar result by Connell in [C60, Theorem 2|.

Proposition 5.1. Let H(z) = Ef:o mifi(z). For any natural number n there exists an arith-
metic progression of length n in the range of H in Z,.

Proof. To have an arithmetic progression of length n, it suffices to find  and y such that for
any ¢ < n we have that H(z + ly) = H(z) + (H(y). And the latter holds whenever there are
integers x and y such that Z, satisfies the following non-algebraic formula for any 1 <i < k
fi(@ +ny) = fi(z) +nf'(y),
or equivalently whenever we have the following for any 0 <i <k —1
ZoE=0< [af'(z)] +nlaf(y)] < 1.
But, Theorem [B.1] allows us to find = and y with the desired properties. O
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A similar argument as in the proof of proposition above shows that for an existential for-
mula ¢(x) of more than one existential variable, the set of solutions ¢(Z,) contains arithmetic
progressions of arbitrary finite lengths.

The latter observation shows that the formulas containing a power of f behaves more-or-less
similar to prime numbers in that they do not contain infinite arithmetic progression whereas
they do contain arbitrary long finite arithmetic progressions (JGTO08]). However, Proposition
shows that such definable sets may differ from the primes in intersecting each congruence
class at infinitely many points. But it seems reasonable to consider them as hybrid sets in Z,
just like as we do for primes in Z.

To sum up, the structured definable sets in Z, are disjoint-by-finite from the hybrid sets,
and still another interesting phenomena occurs in Z, when we consider two mentioned types of
sets from the perspective of the order topology available in Z, by the formula [az] < [ay]. In
fact, both the structured and hybrid sets find a uniform description in this topology by being

simultaneously dense and co-dense there.

5.3. A connection to o-minimality. We show that the non-algebraic part of 7,, which we
have denoted by Ty in Section [3 gives rise to an o-minimal theory that embodies its main
features.

First for a model M = T, We associate a structure Ay in a language £* that contains a
set of predicates meant to capture the non-algebraic content of M.

So let £* = { <, Pmﬁ,g} where each Py, ¢ accepts tuples of arity |m| + |7|. Fix some

m,n e

M = Thalg and let Ay be the subset of (possibly non-standard) reals defined as

Ay = { [aa] |a € M}
For [away], ... [abi],... € Am, we let Paao(loar], ..., Jab],...) hold in Axg if and only if

(5.2) M E Z m; [aa;] < Z n; [ab;] + L.
Note in particular that Pr1o([eva], [ab]) holds in A if and only if
M = [aa] < [ad].

That is, P 1 coincides with the relation < in Ax¢. Hence by Axiom 1 this predicate defines a
dense linear ordering on A .

Towards introducing T*, we keep using the notation [ax] for elements of an arbitrary £*-
structure A. Also, for simplicity and particularly in axiom schemes (2) and (3) below, we keep
thinking of predicates Py, 7; as if they are reflecting the content of the inequality appeared in
(52), while we carefully have this reservation in mind that an expression like > m; [aq;] is, by

itself, just meaningless in 7™ and does not refer to an actual point.
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Let T be the theory that describes the following:

(1) The relation < is a dense linear order.

(2) The predicates Py, 5 ¢ are consistent with the usual addition and ordering of real numbers.
That is T describes how elements can be moved from each side of (5.2)) to the other.
For example if P51 (a, ) holds, then we have that P 1— o(a, ¢, a). This example reflects
the content of the fact that 2[aa] < [ac] implies [aa] < [ac] — [aa] in real numbers.

(3) If > m; [ava;] < > n;[ab;] + ¢ < 1 then there is [ax] such that

Z m; [aa;] < [ax] < an [ab;| + ¢.

Because of the density enforced on the predicates of £* by the axioms (1) and (3) above, it
is easy to verify the following proposition.

Proposition 5.2. T admits quantifier elimination in L*.

Now, for some model M = T, it is easy to see that the associated Axq is a model of 7.
On the other hand, T™ is similar to an o-minimal theory in the sense that any set defined by a

formula (x, ab) is a finite union of intervals of the form below

{x : Zmi [aa;] < mlazx] < an [ab;] + €} :

But, as mentioned earlier, the endpoints of this interval are not some actual points in an
arbitrary model of 7. However, in each of the structures A, these endpoints turn out to be
elements of the form [wa]. Moreover, at the expense of adding/subtracting an integer value
to/from ¢, we can write m [ax] as [mazx] or equivalently as [az] for some z in M. That is, each

L*-formula ¢(z, ab) becomes equivalent to a finite disjunction of formulas of the form below in

.AMZ
[aa] < [az] < [ab].

Hence for any models M, N |= Tha1s the two associated structures Ay and Ay are elementary
equivalent since we are able to form a back-and-forth system between them. In other words,

there exists a completion of 7™ that is o-minimal and is determined by 7pals.

We finish by posing the following question which is seemingly a natural continuation of the
results appeared in this paper:

Question. Is the structure (Z, <, 4+, —, 0,1, f), which is Z, augmented by the usual ordering
of integers, decidable? Is it model-complete? Or, does it admit quantifier elimination in a
naturally expanded language?
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